GPS
Teacher’s Notes

Overview

The purpose of this activity is to extend pupils beyond equations of circles to simple equations of spheres.

Pupils will be introduced to the equation of a sphere within the context of GPS (Global Positioning System) and will be asked to solve a system of equations to determine the points of intersection of three spheres.  
The method is very similar to the circle activities which would usefully be completed before setting this activity.  However, pupils will be required to solve a system of linear equations in three variables.  Hints are provided on a separate sheet to issue as necessary.  The solution uses the elimination method for solving simultaneous equations.
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The problem that the pupils will work through follows the same process that actual GPS systems use, albeit the numbers have been simplified for convenience.

Background information

There are 24 GPS satellites, owned by the US Air Force, orbiting at a altitude 12000 miles above the earth.  Each satellite continuously transmits a signal containing the current time and the satellite’s location.  All of the satellites are synchronised to transmit each signal at the same instant.

Although the signals travel at the speed of light each signal will travel a different distance to reach a GPS receiver on earth and hence will arrive at a slightly different time.  The GPS receivers use the differences in these arrival times to estimate its distance to the satellites.  

Each distance calculated places the GPS receiver on the surface of an imaginary sphere around each satellite.  Four spheres intersect at one unique point – the position (coordinate) of the GPS receiver in three dimensions.  In practice only three satellites are required to produce two points of intersection as one point will be in outer space and so can easily be identified and discarded.  However, a fourth satellite is used to check the accuracy of the calculated the signal travel time from the other three satellites.
Resources

· Pupil sheet

· Hint sheet

· Calculator (graphic or natural display scientific would be an advantage**)

· PowerPoint file: GPS.ppt (included in activity folder)

Timing

One – two periods (60-90 minutes)

** The values towards end of calculation are not nice so a calculator with good display is helpful

Method

Use the PowerPoint file GPS.ppt to set the scene.  The pupil sheet contains the same background information as above.  Pupils then solve their equations to obtain two points of intersection, one of which they should discard.  It is left to the pupil to identify that they discard the coordinate with the larger z-coordinate which would correspond to the point in outer space.
The main work is in solving the system of equations in three variables, the hint sheet (issue one at a time) leads pupils through the solution in steps.
· Pupils first create the equations of three spheres given the centres and radii

· Take two pairs and subtract to obtain two linear equations in x, y and z

· Solve these to obtain a linear equation in two variables

· Rearrange to make one variable the subject then substitute into one of the three variable linear equations

· Substitute both into one of the circles to obtain a quadratic equation in one variable

· Use the quadratic formula to solve

· Substitute this value into the two linear equations for the other two variables

Worked Solution
From the information given write down an equation for each sphere and express in general form.
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Take two pairs of circle equations in turn and subtract one from the other to eliminate the squared terms.
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Solve the two linear equations:
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Substitute into any of the circle equations.
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Use the quadratic formula to solve (to 1 d.p.):
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In reality one of the two points of intersection is clearly in outer space, in this example pupils could discuss which point might most likely represent the location of the GPS receiver in the problem.
If you suppose that the z-coordinate represents altitude then the point (3, 1, –1) is higher than the point (2.1, –1.7, –1.9) suggesting that the latter may be the location of the receiver.












